Abstract. Since 15 years ago, I have been studying some relations between complex normal surfaces ). In this paper, we give a survey of them. After some preparations, we describe main results. Especially, we explain a method to embed resolution spaces of normal surface singularities into total spaces of degenerations of compact Riemann surfaces.
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T. Tomaru influence from the activity by above Japanese mathematicians. In this paper, we give a survey of our results.
In § 1, we explain the fundamental results on normal surface singularities due to M. Artin [Art] , P. Wagreich [Wag] , H. Laufer [La] , S. S.T. Yau [Y] , In § 2, for the relation between surface singularities and pencils of curves, we survey the results by V. I. Arnold [Arn] , V. Kulikov [Ku] , U. Karras [Kal, 2] , M. Reid [R] and J. Stevens [Stl, 2] , In § 3, 4 and 5, we explain our results .
Fundamental facts on normal surface singularities
In the following, we review some facts on normal surface singularities which relate to pencils of compact complex curves. Let (X, o) be a normal complex surface singularity. Let ir: (X, E) -• (X, o) be a resolution of r singularity, where E = (J E{ is the irreducible decomposition of the except=l tional set E. Let Ox,o be the local ring associated to (X, o) and trix.o the maximal ideal. Let h be an element of mx,o, and let E(h o 7r) be the cycle on E determined by ho it. and DEi ^ 0 for any z} (see [Art] ), the values of pa{ZE) and (Ze) 2 are independent of the choice of a resolution, and so we put them pf (X,o) and (Zx) 2 respectively in this paper.
(3) The positive cycle Me := min{E(h o n) | h € rrix,o} on E is called the
maximal ideal cycle
on E and we have Ze ^ Me (see [Y] ). In this paper, M^ (resp. Zx) represents the maximal ideal cycle (resp. fundamental cycle) on the minimal resolution.
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In this paper, we often use the weighted dual graph (=w.d. graph) Iand so explain it. Let E be the exceptional set of a resolution of a singularity or the singular fiber of a pencil of curves. The w.d.graph r^ of E is a graph such that each vertex of represents an irreducible component Ej weighted by E 2 and g(Ej) (=genus), while each edge connecting to E{ and Ej, i ^ j, corresponds to point Ei fl Ej. For example, if E 2 = -bi and g(Ei) = gi > 0 (resp. g t -0), then E{ corresponds to a vertex that is configured as follows:
(resp. @ ) and O means M Though p a (X,o) and pj (X,o) is equal to max{3, -+ 1} and the multiplicity of (A", o) is equal to -l? x . He also classified rational singularities of multiplicity two (i.e., rational double points) as follows: [Wag] , P. Wagreich proved that 0 ^ p f (X,o) ^ Pa(X,o) ^ P 9 (X,o) and also proved that pf (X,o) 
is called an elliptic singularity or a weak elliptic singularity. In this paper we use the terminology of "elliptic singularity".
Let (X,o) be an elliptic singularity, and let (X, E) be a resolution of {X, o). In [La] , H. Laufer defined a positive cycle Z m ¡ n on E by Z mm : =min{F|p a (£>) <; 0 for any cycle D with 0 < D < F and p a (F) = 1}. He proved that the following three conditions are equivalent:
If an elliptic singularity satisfies these conditions, he called it a minimally elliptic singularity. He proved that if (X, o) is a minimally elliptic singularity, then the embedding dimension emb(X, o) is equal to max{3, -l? x }, and the multiplicity of (X, o) is equal to min{2, -Z^-j. He also classified minimally elliptic hypersurface singularities (i.e., the multiplicity ^ 3).
In [R] , M. Reid also independently studied Gorenstein singularities of p g (X, o) = 1. He also classified such hypersurface singularities of multiplicity of 2 or 3 and pointed out relations between minimally elliptic singularities and elliptic pencils.
On the other hand, V. I. Arnold [Arn] studied real or complex function germs. He introduced the invariant modality /¿(X, o) for hypersurface singularity (X, o) -{/ = 0}. He show that ¡JL(X, o) = 0 if and only if (X, o) is a rational double point. He also classified hypersurface singularities of fi = 1 or 2, and call singularities of n = 1 (resp. /z = 2) uni-modal (resp.bi-modal) singularities. Uni-modal [Ku] showed that uni-modal and bi-modal singularities are obtained through some procedure (see Definition 2.2 of this paper) from Kodaira's list [Ko] of pencils of elliptic curves.
Inspiring by Kulikov's observation, U. Karras [Kal, 2] introduced the notion of Kodaira singularities in terms of pencils of curves. He also applied it to the deformation theory of surface singularities. Further, J. Stevens [Stl, 2] studied a subclass of Kodaira singularities (called Kulikov singularities) and proved some relations between them and deformations of curve singularities.
Moreover, K. Saito [Sa] studied some classes of quasi-homogeneous hypersurface elliptic singularities and considered pencils of curves associated to those singularities.
Kodaira singularities and Kulikov singularities
Here we describe the precise definition of pencils of curves and the definition of Kodaira (and Kulikov) [Stl, 2] ) Let S -> A be a pencil of curves of genus g which has reduced components. Let Pi,---, PT € supp(50) be non-singular points of S0 (i.e., they are contained in components whose coefficients of S0 equal to one and also smooth points of red(S'0)). Let S' S be a finite succession of blowing-ups with centers Pi, • • • , Pr. Let X be an open neighborhood of the proper transform E C S' of supp(50) by a. By contracting E in X, we obtain a normal surface singularity (X,o).
Then, the contraction map tp: (X, E) -> (X, o) is a resolution of (X, o) and so we have the following:
If a normal surface singularity is isomorphic to a singularity obtained in this way, then it is called a Kodaira singularity of genus g (or Kodaira singularity associated to Also, if a is just one blowing-up at every center Pi (i = 1, • • • , r) in the above construction, then (X, o) is called a Kulikov singularity of genus g (or Kulikov singularity associated to 3>). We can easily see that if (X, o) is a Kodaira singularity, the fundamental cycle coincides with the maximal ideal cycle on the minimal resolution, (i.e., TLx -Mx).
Let T be the w.d.graph of the exceptional set of the minimal good resolution of a normal surface singularity. If there exists a Kodaira singularity whose w.d.graph for the minimal good resolution coincides with T, then T is called a Kodaira graph. In general, we can not always determine from the w.d.graph whether a singularity is a Kodaira singularity or not. For example, if we put (X\, o) = {z 2 + y 3 + x 18 = 0} and (X 2 ,o) = {z 2 + y{y 4 + x 6 ) = 0}, then they are elliptic singularities whose w.d.graphs for minimal resolution coincides with each other. We can easily check that (-Xi,o) is a Kulikov singularity from 4.13 since p e (X\,o,x) = 1 and x is a reduced element. However, (X2,0) is not a Kodaira singularity, because Zx 2 Those cycles are given as follows:
PROPOSITION 2.3. ([Kal], 2.7) Let (X,E) be a resolution of a normal surface singularity (X, o). Let T be a w.d.graph of E. Then T is a Kodaira graph if and only if each irreducible component Ei with EIZE <
and 2 2 1
o) be a rational or minimally elliptic singularity with w.¿.graph T. Then (X,o) is a Kodaira singularity if and only if T is a Kodaira graph.
From the definition, we can easily see that the w.d.graph of Kodaira singularity is equal to the one of a Kulikov singularity. Therefore, if we find a Kodaira singularity which is not Kulikov, we need to discuss the analytic type of singularity and it is not so easy. The author considered this problem under a special situation. Let £ be a non-hyperelliptic curve and let P be any point of E. If (X, o) is a normal surface singularity obtained by the contraction of the zero-section of the negative line bundle associated to -IP, then (X, o) is a Kodaira singularity, but not a Kulikov singularity from 2.6.
Embeddings of resolution spaces into pencils of curves
If $: S -> A is a pencil of curves, the intersection matrix of any connected one-dimensional analytic proper subset E in supp(5c) is negative definite from Zariski's lemma ( [BPV] , p. 90). Hence E is contracted to a normal surface singularity by Grauert's result ( [G] , p. 367]). From now on we consider the converse problem. We prepare some definitions. We prove Theorem 3.3 by gluing X and resolution spaces of some cyclic quotient singularities. Also, we consider hoir and some holomorphic functions on cyclic quotient singularities. By gluing them, we obtain a pencil of curves 3>: S -> A. By computing examples, we explain this. Then we can see that its genus is 6 by the adjunction formula.
REMARK 3.5. Here we remark that any pencils of curves is birational to a pencil of curves which is constructed as in 3.3 (see [Tt4] , Theorem 2.7). 
Pencil genus for normal surface singularities
In [Tt4] , the author introduced an invariant for normal surface singularities by using pencils of curves. (ii) We also define a holomorphic invariant for a pair of (X, o) and h as follows: p e (X,o,h) := min{the genus of a pencil of curves extending h o n for a resolution 7r of (X, o)}. Then, pe(X, o) (resp. p e (X,o,h)) is called the pencil genus of (X, o) (resp. a pair of (X, o) and h). EXAMPLE 4.2. For rational double points, we can easily see that p e (A n ) = 0 and p e (D n ) = 0. Also, we have p e (E e ) = 1 (£ = 6,7,8) (see [Tt4] , 3.12). (total transform of C) and contracting some (-l)-curves, we can obtain the minimal resolution (X,E) (X,o) and the divisor (x o n(cf. Lemmas 3.1 in [Tt2] or Lemmas 4.3 in [Tt4] ). Similarly, we can obtain the divisors (y ° n) x an d i z oir )x-Applying Theorem 3.3 for them, the singular fibers of the pencils of curves constructed from x,y and 2 are given as follows: 
(X,E) -> (X, o) be a good resolution such that red((h o n)^) is simple normal crossing on X. Suppose that $: S -> A is a pencil of curves of genus g extending h o n. If g = p e (X,o,h) and $ is a minimal extension of ho n, then any connected component of supp(50)\£ l is a P 1 -chain. Conversely, if any connected component of supp(S 0 )\E is a P 1 -chain, then g = p e (X,o,h). Therefore, the genus of any pencil of curves constructed from h o n as in Theorem 3.3 is equal to p e (X, o, h).

--{(E(h O tt) + E)(A(h O tt) -C) + r(h)
+ ^gcd(n j , 7j )}. For the normalization u: C -> C of a curve singularity (C, o), the conductor number <5(C, o) is defined by dime{0^/i>*Oc,o) (cf- [Na] ). 
larity (In {h = 0},o). Then p e (X,o, h) = 5(h) -r(h) + 1.
(ii) Let (X,o) = {z n = h(x,y)} be a normal hypersurface singularity. Then
, o, h) = 5(h) -r(h) + 1 = ^(h)-r(h) + ^ where n(h) is the Milnor number of a plane curve singularity ({h
Since the Milnor number of a curve singularity ({x a + y b -0},o) is (a -1)(£> -1), we can easily check the computations of the genus of 4.4 by using 4.6. Further we have the following estimate on p e (X,o) . 
Pf(X, o) ^ p e (X, o) ^ p a (X, o) + mult(X, o) -r(h).
Especially, if (X,o) is a rational singularity, then 0 ^ p e (X,o) ^ mult(X, o) -1. Also, if (X,o) is an elliptic singularity (i.e., pf(X,o) = 1), then 1 ^Pe(X,o) ^ mult(X,o).
From the definition, we can easily see that if (X, o) is a Kodaira singularity, then p e (X, o) -pf(X,o) . However, the converse is not true. For example, any £) n -singularity is not a Kodaira singularity, but it satisfies p e (X,o) =p f (X, o) . 
If (X, o) satisfies p e (X,o) = pf(X,o), then (X,O) is called a weak Kodaira singularity. Further, if p e (X, o) =pf(X,o) = g, then (X,o) is called a weak Kodaira singularity of genus g.
From the definition, any Kodaira singularity is a weak Kodaira singularity. If (X, o) is a rational double point of type EQ, E-J or Eg, then (X,o) = 1. Hence they are not weak Kodaira singularity. We can find many weak Kodaira singularities which are not Kodaira. In [Tt3] , we studied normal surface singularities obtained through some procedures. But the description is complicated. Hence, in the following, we explain singularities which are obtained through a more simpler procedure than [Tt3] . For any pencil of curves S -> A, if an irreducible component Ai in supp(S' 0 ) satisfies A{ • (supp(5 0 )\yl t ) = 1, then it is called an edge curve. Also, if an edge curve is a (-l)-curve, then it is called a (-l)-edge curve. (ii) In I-process of (i), if a component Á^ of supp (5 0 ) Let consider a I-process started from two points and consider a normal surface singularity (X, o) as follows: 2 3 4 3 2 1 (i) pg (X,o) = min Gj is any (-1) edge curve >, where
Then Cfl(Gi) = £(G1) = 2, CR{G2) = 3 < £{G2) = 5 and CR{G3) = 3 < Z(Gz) -4. Hence (X, o) is a weak Kodaira elliptic singularity from 4.11.
The following result generalizes the results by Karras [Ka2] and Stevens [St2] , [Y] , 
(i) (X, o) is a Kodaira singularity if and only if there exists h 6 mx,o which is not a perfect power element satisfying pe{X, o, h) -Pf(X, o) and E(ho 7r) = Ze, where n: (X,E) -> (X,o) is a resolution such that ved(h o 7r) x is simple normal crossing.
(
ii) (X, o) is a Kulikov singularity if and only if there exists a reduced element h € mx,0 with pe{X, o, h) = p/{X, o).
Cyclic covers of surface singularities and pencils of curves
In [Tt2] , the author studied hypersurface Kodaira singularities defined by z n = h, where h G C{x,y} and n > 1. Let (X, o) -{z n = h(x,y)} be a normal hypersurface singularity, and so h is a reduced element. Let fj,(h) (resp. r(h)) be the Milnor number of a curve singularity ({h = 0},o) (resp. the number of irreducible factors of h). 
fi(h) -r(h) + 1
In [Tt4] , the author generalized (ii) as the results of cyclic covers of singularities. (Y, o) defined by z n = h.
In this section, we assume that h is not a perfect power element. Then (X, o) is a normal singularity if and only if h is a reduced element in Oy,o ( [TW] , Theorem 3.2). For example, hypersurface singularities defined by z n = h(x,y) is a normal n-fold cyclic covering of (C 2 ,o) defined by z n = h when h is a reduced element. It is obvious that h is semi-reduced if h is reduced.
THEOREM 5.4. Let (Y,o) c (C N ,o) be a normal surface singularity and h G ttiy )0 a semi-reduced element. Let (X, o) be the normalization of the n-fold cyclic covering of (Y,o) defined by z n = h. If n ^ Nh (Y,o) , then (X, o) is a weak Kodaira singularity of genus p e (Y, o, h Let (X, o) be the n-fold cyclic covering of (Y, o) defined by z n = h. If n ^ Nh (Y,o) 
, then (X, o) is a Kulikov singularity of genus 6(h) -r(h) + 1 and l? x = -r(h).
COROLLARY 5.6.
Let (Y,o) = {h(x,y,z) 3 )}, oj). Assume n ^ 3. Then (X, o) is a Kulikov singularity of genus 1 by 5.6. In the following figures, (i) shows the divisor of (x) on the minimal resolution of (Y, o) and (ii)-(iv) show the fundamental cycles on resolutions of (X, o):
(ii If (X, o) is a normal surface singularity with good C*-action, then we call it a normal C*-surface singularity. Normal C*-surface singularities form a special class in normal surface singularities. However, the class contains many important singularities. For example, the class contains all quotient t d $(p) for any i 6 C* and any p 6 5, then we call $ : S -• C a C* -pencil of curves.
Then we have the following, which is a C*-equivariant version of Theorem 3.3.
THEOREM 6.8. Let (X,o) be a normal C*-surface singularity and Rx the affine graded ring associated to (X,o) . Let h £ Rx be not a perfect power homogeneous element. Let n : (X, E) -> (X, o) be the minimal good C*-resolution of (X, o) . Then there exists a C* -pencil of curves $ : S -> C which satisfies the following C*-equivariant diagram :
IX, E) C i,S',.siipp(S,J).
The author [Tt5] proved 6.8 in a different way from 3.3. Let us explain the outline. We consider a P 1 -bundle 7r : S -> E 0 on a curve E 0 and consider a meromorphic function / on S. After taking suitable blowing-ups a : S -> S, we consider $ := / o a on S. By taking a suitable open subset S in S and the restriction of $ onto S, then we get a C*-pencil of curves. By using the slice theorem, we showed that every C*-pencil of curves is constructed in this way. From it, we can show the following. THEOREM 6.9. (i) The singular fiber of any C*-pencil of curves become star-shaped after suitable blowing-ups. In the situation, the analytic type of a C*-pencil of curves is determined the numerical conditions (i.e., w.d.graph) and Pinkham-Demazure data (i.e., SincaJD( fc )=2fcPo-{f}Pi-{f}P2-{f}P3,wehaveii o (P 1 ,0pl(D«)) = C$£ if 3|Jb and zero if 3 \ k.
